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Abstract. We consider billiard ball motion in a convex domain of a constant 
curvature surface influenced by the constant magnetic field. We prove that if the 
billiard map is totally integrable then the boundary curve is necessarily a circle. 
This result is a manifestation of the so-called Hopf rigidity phenomenon which 
was recently obtained for classical billiards on constant curvature surfaces. 



1. Introduction and the result 

Let S be a surface of constant curvature K = 0, ±1. Let 7 be a simple closed 
convex curve on S of class C 2 . We shall denote by k the geodesic curvature of 7 
and assume it is strictly positive everywhere. We consider the so-called magnetic 
billiard inside 7 where the magnitude of the magnetic field is assumed to be 
constant > 0. This means that the billiard ball between elastic reflections from 
the boundary moves with a unite speed along curves of constant geodesic curvature 
0. The model of magnetic billiard was extensively studied (see incomplete list 
[2][I][Il][l2][ID][T3][8][7j[9]). Let me summarize the basic facts on the magnetic 
billiards which will be omitted. First of all the main geometric assumption which 
assures that the dynamics is well defined is the following 

j3 < min k(x), 

saying that the field is not too large relative to the geodesic curvature of the 
boundary. In this case magnetic billiard ball map defines a smooth map T of the 
phase cylinder cylinder Q = 7 x (0, 7r), where we shall denote by x G [0, P) the 
arc-length coordinate along 7 and if G (0, n) is the inward angle. Moreover T is a 
symplectic twist map, the form dx A rf(cos ip) is preserved. Remarkably, this is the 
same form which appears for classical billiards. We shall denote dfi = sin ipdxdip 
the invariant measure. 

An important question starting from [2] is when magnetic billiard map is in- 
tegrable. The only known example of integrable magnetic billiard is the circular 
billiard, in contrast to the classical case where for any constant curvature surface 
ellipses are integrable also (see [T5]). 

We shall adopt the following definition of suggested by Andreas Knauf for ge- 
odesic flow on the torus ([TT]): 
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Definition 1.1. The billiard ball map T is called totally integrable if through every 
point of the phase cylinder Q = 7 x (0, it) passes a closed non-contractible curve 
which is invariant under the map T. 

Our main result is the following theorem: 

Theorem 1.2. If the magnetic billiard map is totally integrable then 7 must be a 
circle. 

Remark 1.3. A more general result can be proved using the notion of conjugate 
points of twist maps (^,^\). The more general statement is the following: any 
magnetic billiard on a constant curvature surface S which has no conjugate points 
is circular billiard. 

Remark 1.4. In view of the previous remark one can consider this result as a 
magnetic billiard analog of Hopf's theorem on tori without conjugate points. It 
was proved in [5] that Hopf type rigidity holds true also for magnetic geodesic 
flows on tori, provided the metric is conformally flat. Notice that the magnetic 
field in [5] is not assumed to be constant. In higher dimensions it is not known if 
the conformal flatness assumption can be relaxed. 



2. Magnetic versions of Santalo and mirror formula 



One of the key observations for the result of theorem 11.21 is the fact that the 
classical Santalo formula for geodesies (for the proof see [6]) remains the same for 
magnetic geodesies as follows (it was known already to Santalo for horocycles;we 
need a very particular case, and refer to [10] and [12]) for the proof of the most 
general case): 

Lemma 2.1. ("Magnetic" Santalo formula) Let l(x, </?) be the length of the mag- 
netic geodesic starting at the point x E 7 with the inward angle <p E (0, re) with the 
boundary. Then the integral over the phase cylinder with respect to the invariant 
measure dfi = dx d( — cos (p) 



J l(x, Lf)d/j = 2tcA, 



independently of the magnitude of the magnetic field ft. Here A is the area of the 
billiard domain. 

Next recall the Mirror formula for usual billiard on a surface S of constant 
curvature K. It reads 

Y' . Y' 2k(x) 
Y Y sin ip 

where Y denotes the orthogonal Jacobi field along geodesies on the surface S 
satisfying initial conditions Y(0) = 0,Y (0) = 1. Here x is a point on the mirror 
a is a distance from a point A inside the domain to the point x along the shortest 
ray and b is a distance along the reflected ray to the point B where the focusing 
of the reflected beam occurs, ip is the angle of reflection. 
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It is well known that the presence of the magnetic field results in adding to the 
curvature K the term (3 2 , so that the Jacobi field Y should be changed in the 
Mirror formula to Yg where: 

Yg = . 1 sin(y/K + /3 2 t), for K + (3 2 > 0, 
s/K + /3 2 

Yp = t, forK + (3 2 = 0, 

Yp = . 1 sinh(v/-(^ + /3 2 )t), for K + f3 2 < 0. 

There is also a change on the right hand side of the Mirror formula so that for 
any K — 0, ±1 the formula reads as follows: 

(1) % )+ % )= *m^i^P) 

Yp Yp sin tp 



The main step in the proof of theorem 11.21 is the reduction to the case of non- 
magnetic billiard on surface which was treated in [1] . This is done in the following 
way. First exactly as it was for non-magnetic billiards we have 

Theorem 2.2. If the billiard is totally integrable (or more generally has no con- 
jugate points), then there exists a measurable function on the phase cylinder 
a : Q — > R such that < a(x, tp) < l(x, tp) which satisfies the mirror equation: 

Y&, , Y B 2(k(x) — /3 cos 

Yp Yp sin ip 

where l(x,ip) denotes the length of the magnetic geodesic segment which starts at 
the point x of 7 with the inward angle tp) . 

The proof of this theorem is analogouse to the non-magnetic case and it is 
omitted. 

In the sequel we shall distinguish between the cases of the Plane, K = 0; of the 
Sphere K = 1 and the Hyperbolic plane K = — 1. In the last case three subcases 
naturally appear: j3 > 1; f3 — 1 and (3 G (0, 1). 

3. Planar and Spherical magnetic billiards 
For the Plane and the Sphere the mirror equation reads: 

(3) 

VK + (3 2 (cot(^ K + [3 2 a(x, tp)) + cot( + /3 2 (/(x_ 1; tp_ x ) - a(x- U P-i))) = 

2(k(x) - P cos tp) 
sin tp 

Notice that the geometric assumption (3 < min^g^, k(x) implies that the right 
hand side is always positive and hence 

\[K + (3 2 (a(x, tp) + l{x-x, tp_x) - a(x_i, </?-i)) < tt 
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so that the lemma of [1] can be applied to get the inequality 



yj K + ft 2 cot V^±S^i^l±j(^zii^zlj -a(g-i,y?-i)] < 

^ fc(x) — /3cOSy? 
sin<y9 

This can be written in equivalent way: 



2 J K + /3 2 sin </? 

(4) a(x, y>) + </?-i) - a(x_i, </?-i) > , ^ arctan — 

y?K + ft 2 k(x)-ftcosip 

Integrate (J4]) with respect to the invariant measure dfi = sin ip dxdip. We get 



(5) [l d, > fdx [* - 2 arctan sin^, 

J Jo Jo ^K + ft 2 k(x)-ftcos<p 

For a given x denote by /(x) the inner integral in the right hand side of fl5]). Then 
we have: 

Lemma 3.1. The integral I(x) in ft5j) does not depend on ft and equals to 2irA(x) / P, 
where A(x) is the Area of the circle on the surface S having geodesic curvature 
k(x). 

Proof. By "magnetic" Santalo formula, the integral on the left hand side equals 
2-kA independently of the magnetic field ft. I claim that this fact implies without 
any additional calculations that the inner integral on the right hand side is inde- 
pendent on ft also. Indeed, if the boundary curve is a circle of constant geodesic 
curvature k on S then one can easily see that there is equality in fl5]). Moreover 
due to the rotational symmetry (j^J) leads to the following equality for the circle 
of curvature k: 



2nA = P f ^ = arctan vfY S "^ sin ^, 
'K + ft 2 k-ftcosip 



So that the inner integral in equals 2n/A(x) independently of ft. This 
proves the claim. (Of course one could compute for any ft the integral, but this is 
challenging even for MATHEMATICA. ) □ 



Using the independence on ft we can compute the right hand side of (J^D putting 
ft = 0. But then the inequality becomes identical to one obtained in a non- 
magnetic case [1]. Namely consider first the case of the Sphere, K = 1. We 
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have 

(6) 2-nA > dx 2 arctan ( T J sin ud dip = 
Jo Jo \K X )J 

J k 2 (x) + sin 2 ip 



2tt / (v/p(x) + 1 - k(x))dx. 



This inequality implies jl] that 7 must be a circle. This done by the following 
argument: Use Gauss-Bonnet to write it in the form 



which leads to 



A> y/k 2 (x) + l dx-(2ir-A), 
Jo 

rP 

/ ^k 2 (x) + 1 dx < 2tt. 
Jo 



Denote this integral by /. On the other hand by Cauchy Schwartz one has 

{\fk 2 {x) + 1 + 1) dx ■ I Wk 2 (x) + 1-1) dx > ( [ k{x) dx] =(2n-Af 



This can be rewritten as 

(J-P)(J + P) > (27T-A) 2 , 

and since I <2w then 

4vr 2 > I 2 > P 2 + A 2 - An A + 4vr 2 . 

Thus we end with the inequality 

> P 2 + A 2 - An A 

which is opposite to the isoperimetric on the sphere. 

For the Plane, K = 0, the inequality ()5]) looks even simpler when one passes to 
the limit (3 — )■ 0: 

2nA > 7r / -—dx, 



k(x) 

which is possible only for circles as was observed in [TB]. Because by Cauchy- 
Schwartz one has 

rP 1 p2 p2 

-ax > 



k(x) ~ j Q P k{x)dx 2tt ; 
contradicting the isoperimetric inequality in the plane. 
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4. Magnetic billiards on the Hyperbolic plane 

On the Hyperbolic plane, K = —1, we shall proceed in a similar way as before, 
dividing between the following cases where the mirror formula (Q]) looks differently 
depending on the magnitude of the magnetic field: 

Casel. Assume here that > 1. In this case the mirror equation ([3]) looks 
exactly as in the Spherical and planar case ([3]) but with K = — 1. In this case 
using again the lemma of jl] we get 

(7) v / g 2 l cQt VP 2 ~ jKgVg) + l{x-i,(f-i) -ajx-uip-i)] < 

k(x) — cos ip 
simp 

Or equivalently 



2 J 2 — 1 sin <p> 

(8) a(x, <p) + </?-i) - a(x_i, y?-i) > arctan — 

a//3 2 - 1 fc(x) - /3cosy? 

Integrate (jSJ) with respect to the invariant measure d[i = sin dxdip. We get 



," p , r 2 v//3 2 - lsinp 
(9) I I df/, > I ax I — arctan sin ipdip. 



o Jo 



yf]P - 1 fc(x)-/3cos^ 



Denote the inner integral of (Q 

Case2. In this case 0—1. In this case the effective curvature K + 2 vanishes 
and theorem 12.21 implies 

1 1 2(k(x) -cosip) 



a(x,tp) l(x-i, <p-i) — a(x-i, <p~i) simp 
Using the convexity of the function - we get 

2 (k( x ) — cos<p) 



a(x, ip) + ip-i) — <p-i) simp 

So that 

2 sin (p 



(10) a(x, v?) + </?-i) - a(x_i, </?-i) > 



k(x) — cos <^ 

Integrating with respect to the invariant measure we end up with the inequality: 



p 



2 sinyj 

Denote -^t^) the inner integral of (fTTj) . 



'11) I I dfi > / rfx / — — sin^dy?. 

J k(x) — cosy? 
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Case3. In this last case (3 G (0, 1). By theorem 12.21 we have 
(12) 



coth(-y/l - f3 2 a(x, if)) + coth(^/l — /3 2 (Z(x_i, y?_i) - a(x_i, 



fc(x) — j3 COS 



sin tp 

One can see that for the given x the minimum of the right hand side of (1121) 
equals \/k 2 — j3 2 which is attained for some angle tp G (0, it). Comparing with the 
left hand side, which is obviously strictly greater than ^/l — /3 2 , we get 



v / r r ^<v / ^. 

or equivalently 

(13) k{x) > 1 

So that the curve 7 must be convex with respect to horocycles. 
Moreover, by the convexity of coth 

(14) /T^coth v/l ~ /j2[a(X; V) + - ^zll g=0] < 



— /3 cos tp 
sin<y9 



Or equivalently 



2 \/\ — f3 2 smtp 

(15) a(x, y>) + /(£_i, <^-i) — a(x_i, y_i) > — arctanh 



1 - f3 2 k(x) - /3 cos tp 

Integrate (I15|) with respect to the invariant measure <i/i = sin</? dxdtp. We get 



I I dpi > dx [ — arctanh-^- ^ — — sin tpdtp. 







lo \fl Zr W k(x)-/3cos^ 

Denote ^(x) the inner integral of ffTEj) 
Remarkably the following lemma holds true: 

Lemma 4.1. All three integrals I±, l2,h are independent on (3 and 



h{x) = I 2 {x) = h{x) = 2n(k(x) - ^k 2 {x) - 1). 

Proof. This goes exactly like in the Spherical case. Indeed take a circle on the 
Hyperbolic Plane of curvature k = k(x), notice that such a circle exists since in 
the first two Cases k(x) > 1 just by the geometric assumption and in Case3 this 
is obtained in ([131) . 

For any circle both inequalities ( l9lfT6|) becomes equalities. So using rotational 
symmetry both integrals h,h can be easily computed to be equal 2nj ^ x ^> which 
shows independence of (3. Moreover, it is clear that for f3 — > 1 both integrals 
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Ji,/ 3 tend to I 2 , which can be easily computed. This completes the proof of the 
lemma. □ 



It is easy to finish the section. All three inequalities of the Casesl,2,3 (19|) . (TTTj) . (fl6 
lead by the "magnetic" Santalo formula and by the lemma to the same inequality 
which does not contain (3 anymore. We proceed like in [I]. 



p 



A > / (k(x) - ^k 2 {x) - 1) dx. 



o 

Use Gauss-Bonnet to write it in the form 

-p 



and therefore 



A>2n + A- f y/k 2 (x) - 1 dx 
Jo 

f-p 

/ y/k 2 (x) - 1 dx > 2tt 
Jo 



On the other hand the last integral can be estimated from above by the Cauchy- 
Schwartz 



P rP \ \ 



^k 2 {x) - 1 dx<( {k{x) -I) dx / (k{x) + 1) dx 



= {(A + 2tt - P)(A + 2tt + P))s 
where we applied Gauss Bonnet again. Thus we have the inequality 

((A + 2vr - P){A + 2tt + P))3 > 2vr 

which is equivalent to 

A 2 + 4vrA - P 2 > 0. 

But this is opposite to the isoperimetric inequality on the Hyperbolic plane. Thus 
7 must be a circle. This completes the proof for the Hyperbolic plane. 
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